Throughout this paper we introduce the notion of coextending module as a dual of the class of extending modules. Various properties of this class of modules are given, and some relationships between these modules and other related modules are introduced.
Introduction
Let R be a commutative ring with unity and let M be a unitary left R-module. A submodule N of M is said to be essential in M (denoted by N ≤ e M), if for any submodule K of M, N ∩ K = 0 implies that K = 0 [11] . A submodule N of M is said to be closed in M (denoted by N < c M)if N has no proper essential extension in M; that is if N ≤ e W < M then N=W [11] .A submodule then K = N for each submodule K of N [10] . An R-module M is called extending (or CS-module), if every submodule of M is essential in a direct summand [6] . Equivalently, M is extending if and only if every closed submodule of M is a direct summand [6] .
In this paper we introduce a new concept (up to our knowledge)namely coextending module as a dual of the class of extending modules, where M is called coextending (briefly CCS-module),if every coclosed submodule of M is a direct summand of M.
This research consists of three sections. In S2 some basic properties and examples of coextending modules are given. In S3 we show by example that the direct sum of coextending module may not be coextending (see Ex(3.1). However, we give certain conditions under which the direct sum of coextending modules be coextending module (see Th (3.4) and Th (3.5) ). In S4 we investigate some relationships between coextending modules and other related modules such as lifting, semisimple modules,discrete, quasi-discrete and UCCmodules.
Some Basic Properties
In this section we introduce the concept of Coextending modules. We investigate the basic properties of this type of modules. proof. Consider the following short exact sequence:
where i is the inclusion homomorphism. But M is a projective homomorphism, so the sequence splits. Therefore M ∼ = (kerf ⊕Ḿ ), that is M is an isomorphic to a direct summand of M. By Prop (2.3),Ḿ is a CCS-module. 
Remark 2.7. If every submodule of M is a coessential in a direct summand of M,then M is a CCS-module.
Proof. Let L be a coclosed submodule of M. By hypothesis there exists
The following theorem gives the hereditary property for the CCS-module.Before that, an R-module M is called multiplication if for each submodule N of M there exists an ideal I of R such that N = IM [4] .
Theorem 2.8. Let M be a finitely generated faithful multiplication R-module. Then R is a CCS-ring if and only if M is a CCS-R-module.
Proof. ⇒) Let N be a coclosed submodule of M. Since M is a multiplication R-module, then N = IM for some ideal I of R. It is easy to see that I is a coclosed in R. Hence I is a direct summand of R, and so
Since Mis a finitely generated faithful multiplication module, then I + J = R, i.e I is a direct summand of R.
The following proposition gives a necessary and sufficient condition on a free module to be a CCS-module.
Proposition 2.9. Let R be a ring, then every free R-module is a CCSmodule if and only if every free projective R-module is a CCS-module.
Proof. ⇒) Let M be a projective R-module. M is an epimorphic image of a free R-module say F [13] . By the hypothesis , F is a CCS-module, and by Cor (2.5), M is a CCS-module.
⇐) It is a clear.
Corollary 2.10. Let R be a ring, then every finitely generated free Rmodule is a CCS-module if and only if every finitely generated projective Rmodule is a CCS-module.

Direct Sum of Coextending Modules
In this section we study when the direct sum of coextending module is coextending.In fact this is not true in general as the following example shows.
Example 3.1. We saw in Rem and Ex (2.2), that both of Z and Z p ∞ are CCS-module, but we can easily see that
We study some cases in which the direct sum of CCS-module be a CCSmodule. Before that we need the following lemmas.
Proof. Assume that ( 
Hence by [11] :
So by [3] :
Since K 1 and K 2 are coclosed submodule of M 1 and M 2 respectively, thus
In the following theorems we put certain conditions under which the direct sum of two CCS-modules is CCS-modules. 
Therefore K is a is a direct summand of M, and hence M is a CCS-module. 
, n. If every submodule of M is a fully invariant, then M is a CCS-module if and only if each M i is a CCS-module for each
i = 1, ..., n.
Proof. ⇒)It follows from Prop(2.3). ⇐) Let
n i=1 M i = n i=1 {(N ∩ M i ) ⊕ B i } = { n i=1 (N ∩ M i )} ⊕ { n i=1 B i } So M = N ⊕ B, where B = n i=1 B i , that is M is a CCS-module.
Coextending Modules and other related concepts
In this section we give some relationships between CCS-modules and some other modules such as lifting, semisimple, quasi-discrete and UCC-modules.
Recall that an R-module M is called lifting, if for every submodule N of M there exists a decomposition
. Hence we have the following.
Proposition 4.1. If M is a lifting R-module, then M is a CCS-module.
Proof.Let N be a coclosed submodule of M. Since M is a lifting module, so there exists a direct summand
The converse of Prop(4.1) is not true in general, for example Z as Zmodule is a CCS-module, but it is not lifting. However by using Th.(2.2.3) in [3] , we get the following theorem, but first recall that an R-module M is called amply supplemented module, if for any two submodule U and V of M with U + V = M, then V contains a supplement of U in M [17] .
Theorem 4.2. Let M be an R-module, then M is a lifting module if and only if M is a CCS-module and amply supplemented.
In the following result we put condition under which the CCS-module can be lifting module. 
M is a lifting module.
M is a CCS-module.
M is a semisimple module.
Proof. 
M is a discret module.
3. M is a quasi-discret module.
M is a CCS-module.
M is a semisimple module.
Proof.
(1)⇔ (4) . But M is a CCS-module, therefore H is a direct summand of M. Thus M is a lifting module [14] . 
Recall that an R-module M is called
In order to give the main result in this section we need the following lemmas. 
Proof. We want to prove that i∈Λ A i ≤ ce N of M, that is:
Also we need the following lemma. Proof. Consider the following set:
Now we can give the main result of this section.
Theorem 4.8. Let M be a completely distributive module, then M is a CCS-module if and only if M is a lifting module.
Proof. ⇒) Let N be a submodule of M. Since M is a completely distributive module, so by lemma (4.7), there exists a coclosed submodule 
Every R-module is a CCS-module.
Every R-module is an M-coprojective module.
Then (1)⇒ (2)⇒ (3)⇔ (4)⇒. And if J(R) = (0), then (2)⇒ (1).
Proof.
(1)⇒ (2): Since R is a semisimple ring, then every R-module is a semisimple module, and hence it is a lifting module. = (0), and hence I = K which is a contradiction.Thus I must be a coclosed in R, and so I is a direct summand od R.
We end this section by the following Corollary. 1. R is a semisimple ring. R-module is a lifting module. 3. Every R-module is a CCS-module.
Every
Every projective R-module is a CCS-module.
Every free R-module is a CCS-module.
6. Every finitely generated free R-module is a CCS-module.
Every finitely generated projective R-module is a CCS-module.
R ⊕ R is CCS-module.
Then (1)⇔ (2)⇔ (3)⇒ (4)⇔ (5)⇔ (6)⇔ (7), and (1)⇒ (8).
